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It is known that the Banach space BV of functions of bounded variation on a closed interval
is non-reﬂexive. We prove that the same is true for all spaces ΛBV of functions of bounded
Λ-variation.
© 2011 Elsevier Inc. All rights reserved.
The concept of Λ-variation of a function has been introduced by D. Waterman in [8] and it plays an important role in
the theory of Fourier series providing the best extension of the Dirichlet–Jordan test.
A sequence (λi) of positive numbers is said to be a Λ-sequence if it is nondecreasing and such that
∑ 1
λ i = ∞.
A Λ-sequence Λ = (λi) is said to be proper if limλi = +∞.
Throughout this paper we will be concerned with real-valued functions deﬁned on [0,1].
A collection I of nonoverlapping closed intervals with endpoints in a set A will be called an A-family. In the most com-
mon case when A = [0,1], we will say shortly – a family – instead of a [0,1]-family. Given a subinterval I , not necessarily
closed, we write f (I) = f (b) − f (a) and |I| = b − a where a, b are the left and right endpoints of I , respectively. If I = {I i}
is a family such that | f (Ii+1)| | f (Ii)| for all indices, then I is said to be f -ordered.
Let Λ be a Λ-sequence or a ﬁnite set of positive numbers. Given a family I of cardinality not exceeding the cardinality
of Λ, we set
σΛ( f ,I) := sup
∑
I∈I
| f (I)|
β(I)
,
where the supremum is taken over all injective mappings β :I → Λ.
The value VΛ( f ) := supσΛ( f ,I), where the supremum is taken over all families I , is called the Λ-variation of f . If
VΛ( f ) is ﬁnite, we say that f is of bounded Λ-variation and write f ∈ ΛBV . The best way of thinking about σΛ( f ,I) is to
perceive the family I as f -ordered I = {I1, I2, . . .} and then σΛ( f ,I) becomes simply ∑ | f (Ii)|/λi [5, Thm. 368].
To see that Λ-variation is a generalization of the classical variation of a function it suﬃces to take the special Λ-sequence
Λ = (1) (that is, the constant sequence of 1’s). Then the Λ-variation of any function is exactly the ordinary variation. The
best sources of basic properties of Λ-variation are papers [9,6,7]. Importance of Λ-variation in the theory of Fourier series
is presented in [1] and [4] nicely.
The linear space of all functions f : [0,1] → R that are of bounded Λ-variation is denoted by ΛBV . It is a Banach space
under the norm ‖ f ‖Λ = | f (0)| + VΛ( f ) [9].
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Theorem. ΛBV is non-reﬂexive for any Λ-sequence Λ.
Proof. We are going to use the negation of one of well-known properties of reﬂexive spaces [2, Prop. VI.14.4], [3,
Thm. V.4.7]. Namely, we will construct a bounded sequence of elements of (ΛBV,‖ ‖Λ) that contains no weakly convergent
subsequence.
Set N0 := 0, N1 := 2 and deﬁne
Nk := min
{
m ∈ 2N:
m∑
i=1
1
λi
 2k
Nk−1∑
i=1
1
λi
}
(1)
for k 2 inductively. Also, let
al :=
( Nl∑
i=1
1
λi
)−1
(2)
for l ∈ N.
Given an increasing sequence (nk) of positive integers and a positive integer j, we deﬁne
p(nk)( j) :=
⎧⎨
⎩
0 if j = nk for all k;
1 if j = nk for an odd k;
−1 if j = nk for an even k.
Let (tk)∞k=0 be a decreasing sequence convergent to 0 and such that t0 = 1. Deﬁne intervals Ik := [tk, tk−1] for k ∈ N and
deﬁne a linear functional L(nk) on the space ΛBV by
L(nk)( f ) :=
∞∑
j=1
p(nk)( j)
N j−N j−1∑
k=1
(−1)k f (IN j−1+k)
λN j−1+k
.
L(nk) is well deﬁned for every increasing sequence (nk) of positive integers, since the series converges absolutely for every
function f of bounded Λ-variation.
Clearly,
∣∣L(nk)( f )∣∣
∞∑
i=1
| f (Ii)|
λi
 ‖ f ‖Λ,
and thus L(nk) ∈ ΛBV∗ and ‖L(nk)‖ 1.
We are now going to deﬁne a sequence ( fn)n∈N of ΛBV-functions. Given a positive integer l, we set, as the ﬁrst step of
our construction, fl := 0 outside the open interval (tNl , tNl−1 ). Next we put
fl(tNl−1+k) :=
{
0 for even k Nl − Nl−1,
al for odd k Nl − Nl−1,
and deﬁne fl to be linear on each closed interval [tNl−1+k+1, tNl−1+k].
Then
‖ f ‖Λ =
Nl−Nl−1∑
i=1
| f (INl−1+i)|
λi
= al
Nl−Nl−1∑
i=1
1
λi
(2)
 1.
Now observe that for any positive integer l we get by (2)
al
Nl−Nl−1∑
k=1
1
λNl−1+k
= 1− al
Nl−1∑
i=1
1
λi
, (3)
and hence by (1)
1− 1
2l
 al
Nl−Nl−1∑ 1
λNl−1+k
 1. (4)
k=1
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(−1)k fl(IN j−1+k) =
{
0 if l = j;
a j if l = j.
Now, if ( fnk )k∈N is any subsequence of the sequence ( fn)n∈N , then, given any positive integer s,
L(nk)( fns ) = p(nk)(ns)
Nns−Nns−1∑
k=1
(−1)k f (INns−1+k)
λNns−1+k
= (−1)sans
Nns−Nns−1∑
k=1
1
λNns−1+k
,
and hence by (4)
L(nk)( fns ) 1−
1
2ns−1
,
if s is even, and
L(nk)( fns )−1+
1
2ns−1
,
if s is odd. Therefore the sequence ( fnk )k∈N is not weakly convergent. 
The above theorem includes the case of the classical Jordan variation – which is the Λ-variation for the constant
Λ-sequence Λ = (1)∞i=1. However, in this particular case non-reﬂexivity of the space BV can be shown by a signiﬁcantly
less complicated argument which we present below.
Let (tn) be an increasing sequence of positive numbers converging to 12 . For any subsequence α = (tnk ) of (tn) deﬁne the
functional Lα on BV by
Lα( f ) :=
∞∑
k=1
(−1)k( f (tnk+) − f (tnk−)).
Then each Lα is continuous and ‖Lα‖ 1.
Let ( fn) be a sequence in BV deﬁned by
fn(x) :=
{
0 if x tn,
1 if x > tn.
No subsequence of ( fn) is weakly Cauchy because if ( fnk ) is any subsequence, then letting α := (nk) we get
Lα( fnk ) =
{−1 if k is odd,
1 if k is even.
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